Abstract. This paper addresses the problem of velocity tracking control for various fully-actuated robotic vehicles. The presented method, which is based on transformation of equations of motion allows one to use, in the control gain matrix, the dynamical couplings existing in the system. Consequently, the dynamics of the vehicle is incorporated into the control process what leads to fast velocity error convergence. The stability of the system under the controller is derived based on Lyapunov argument. Moreover, the robustness of the proposed controller is shown too. The general approach is valid for 6 DOF models as well as other reduced models of vehicles. Simulation results on a 6 DOF indoor airship validate the described velocity tracking methodology.
Introduction
Autonomous and remotely operated vehicles are becoming a key component in various aspects of environment research. To the group of systems belong ships, hovercrafts, submarines, airships, and others. Accurate trajectory tracking control is one of crucial problems concerning these vehicles.
A sliding mode control based on the velocity tracking idea for unmanned surface vessel systems was described in [2] . As it arises from [5] the velocity control system (for guided motion control system) based on velocity tracking is useful for marine vehicles. Surge and yaw relative velocity control of ships can be also based on velocity tracking idea [6] . Some velocity controllers for an autonomous underwater vehicle were proposed in [8] . Tracking control laws for marine vehicles (underwater vehicles or surface ships) can be found, e.g. in [10] . Moreover, the tracking control of aerial indoor blimp robots is sometimes realized utilizing velocity based simple (not global) controller [11] . The velocity controllers are also a part of the control system for an AUV with nonlinear dynamics. Velocity control algorithms are applied for other systems, for example quad-rotors [22] or unmanned helicopters [24] . The algorithms are useful for reduction of the velocity error between the desired camera velocity and the actual velocities in the camera frame [22] or control of steady-state force [24] . In practical applications the velocity control can be realized by PI controller from gain tuning formulas based on the identified parameters [30] .
The problem of the velocity tracking control for a class of fully actuated vehicles in the body-fixed frame is addressed in this paper. Fully actuated vehicles are often considered in the literature, e.g. in for underwater vehicle [9, 12] , surface vehicles [26, 28] , hovercrafts [13, 25] or airships [20, 29] . The main difference between our velocity tracking controller and the aforementioned approaches relies on that we include the vehicle dynamics directly into the velocity control gain matrix. Thus, the strategy is also different from those solutions because of the different idea of control, namely taking into the control gain matrix the dynamics couplings of the vehicle. Thanks this property the matrix is strictly related to the moving system. Comparing with previous studies concerning underwater vehicles, some surface vehicles and indoor airships this paper offers different approach to control algorithms. In classical algorithms the elements of the control gain matrix are selected without taking into account dynamical and geometrical parameters of the system. The main contribution of this paper is a velocity tracking control algorithm and its application for an airship model. Novelty of the presented approach relies on that the control algorithm uses transformation of the velocity vector based on an inertia matrix decomposition method. Moreover, each new rate (speed) is regulated separately in the sense that dynamical couplings of the system are included in it. Consequently, the response of the system is fast (and always depends on the couplings in the system), what means that the velocity error decreases quickly. Therefore, the desired trajectory can be reached in short time. Another benefit arising from the use of the controller relies on that the velocity gain matrix contains parameters of the system and strictly depends on its dynamics (for various vehicles the gain coefficients can be quite different). The proposed, in this work, velocity control algorithm is new. The considered in [16] PD controller was based on the same equations of motion but its idea was quite different because the tracking problem was absent. Besides, the obtained controller is universal in the sense that: 1) it can be applied both for 6 DOF as well as for vehicles moving in a horizontal or vertical plane, 2) it is appropriate for various system, namely fully actuated marine vehicles, hovercrafts, and indoor airships. The stability of the system under the proposed controller using the Lyapunov direct method whereas robustness to parameter changes is shown in simulation experiment.
The remainder of this paper is organized as follows. In Section 2, the mathematical model describing the class of vehicles is introduced. The proposed velocity tracking controller is presented in Section 3. Simulation results for an indoor airship model are shown in Section 4. Section 5 consists of concluding remarks about the results and future research.
Transformed equations of motion
Taking into account the inertial generalized forces, the hydrodynamic effects, the gravity, and buoyancy contributions as well as the effects of the actuators (thrusters), the dynamic model of an underwater vehicle (Figure 1 ) using the notation proposed by [10] can be written in the matrix form as:
The equations of motion can be also used for airships under assumptions that they moves slowly and the environmental factors are weak. For example the equations are appropriate for indoor flight of an airship. In (1) and (2) 
T are vectors of velocities (in the body-fixed frame) and position and Euler angles (in the earth-fixed frame), respectively. Moreover, J(η) ∈ R 6×6 is the Jacobian transformation matrix mapping the body-fixed frame to the earth-fixed frame. The matrix M ∈ R 6×6 denotes the inertia matrix (including the rigid body inertia matrix and the added mass matrix), and satisfies M = M T > 0, andṀ = 0, whereas the matrix C(ν) ∈ R 6×6 denotes the Coriolis-centripetal matrix due to the rigid body and the added mass (that satisfies C(ν) = −C T (ν)). Moreover, the matrix D(ν) > 0 ∈ R 6×6 , ∀ν ∈ R 6 , ν = 0 denotes the damping, while the vector g(η) ∈ R 6 is the a vector of gravitational and buoyancy forces, and τ ∈ R 6 is the vector of control inputs influencing the vehicle. 
Remark 1.
For the assumed vehicle model the inertia matrix M is constant, symmetric, and in general, non-diagonal, i.e. it contains off diagonal elements. As it arises from the literature, e.g. [10] for a class of vehicle models such approximation is allowable. The matrix M can be approximated as a symmetric matrix for vessels moving with low speed. This condition is fulfilled, for example, for indoor airship flight because of weak environmental disturbances. For outdoor flying airships the environmental effects are great and components of the inertia matrix as well as the added mass coefficients depend strongly on geometry, fluid flow rates and other uncertainties. Similarly, if wind will be taken into account then the equations (1) and (2) will be inadequate and the proposed control algorithm is insufficient. If the external disturbances are great (for outdoor airship) then in the Eq.(1) the term defining their model must be added and consequently the controller have to be built in different way. Remark 2. The equations (1) and (2) can be applied for ocean or marine vehicles as well as for airships during indoor experiments. Such examples can be found: (1) for underwater vehicles in [12, 17] , (2) for surface vessels in [7, 18] or hovercrafts in [13, 21] , (3) for indoor airships in [23, 31] .
The control strategy is based on transformed equations of motion with the identity inertia matrix. Thus, we must decompose the inertia matrix M into two matrices:
and next define some new rates:
According to Remark 1 and the assumed decomposition method the matrix Φ in (4) is upper triangular, invertible and have constant elements only. In such case the time derivative of ζ isζ = Φν. There are various decomposition methods of the matrix M . In this paper, we refer to the method described in [14] which is based on generalized velocity components introduced in [19] and applied for robotics manipulators in [15] . The decomposition strategy is easy comprehensible and convenient for numerical implementation. However, using any other method the general result will be similar but not necessary the same.
Recalling [16] we insert (3) and ν obtained from (4) into (1), and pre-multiply both sides by Φ −T (i.e. (Φ T ) −1 ) we get the transformed equations of motion as follows:
where the matrices and the vectors are:
Equations (5) and (4) together with (6) describe the motion of the vehicle in terms of the transformed rates. The dynamical coupling between components of the vector ν are included in the vector ζ as well as in other terms of (5). This fact allows one to observe some phenomena arising from the dynamical coupling which are not easy noticeable for (1) and (2).
The control objective is to design a velocity trajectory tracking control algorithm in the body-fixed frame representation. What is important, in the proposed algorithm the dynamical coupling in the vehicle are included in the velocity gain matrix. Thanks this property the gain matrix is strictly related to the investigated moving system. Novelty of the approach arises thus from the main idea, i.e. the use of dynamical couplings existing in the vehicle for fast vehicle velocity error convergence.
Nonlinear controller
The controller decoupled in the sense of the vector of the transformed variables ζ is presented in the proposition given below. Theorem 1. Consider the vehicle dynamic model (5) and (4) together with the following controller:
where I k D (for the diagonal matrices this condition is not necessary). The integral action term is used here to improve control performance and to obtain correct reaction of the system. Remark 4. Note that the control algorithm (11) is realized in the vehicle body-frame. The obtained results can be transformed next into the earth-frame using the kinematic relationship (6) . Proof. The closed-loop system (5) and (4) together with the controller (11) can be written as follows:
what leads to:ṡ
As a Lyapunov function candidate the following expression can be proposed:
Calculating the time derivative of the function L (18) one obtains:
Recalling the relationship (17) one gets:
Recalling (7), we can write s
is a skew-symmetric one) [10] . Therefore, taking into account (14) we have:
Using (8) and denoting a quadratic matrix k *
appropriate, namely the sum of these matrices gives a strictly positive definite matrix) the two latter terms of (21) may be bounded by:
Consequently, it also holds that:
Note that the matrix A is positive definite (the matrix λ min {Λ T k I } is composed of diagonal matrices or λ min {Λ T k I } = λ min {k D }). Thus, assuming λ min {A} > 0 (λ min is the minimal eigenvalue of the matrix A) one can find an upper bound of the time derivative. Denoting now x = [ s ζ , z ]
T one can write:
for all t ≥ 0 and x ∈ R 2N . Therefore, based on the Lyapunov direct method [27] , we conclude that the state space origin of the system (5), (4) together with the controller (11):
is globally exponentially convergent.
Advantages and properties of the controller
Consider some properties and benefits resulting from the use of the proposed controller. The controller (11) is expressed in terms of the vector ζ. The input signal is obtained from the relationship (10) calculating τ = Φ T (the matrix Φ T is invertible and symmetric). As a result, the velocity gain matrix in the fifth term is Φ T k D Φ. Assuming that k D = δ ·I (I denotes the identity matrix whereas δ is a constant value) we have the following gain matrix
1. First benefits resulting from the controller is that the gain coefficients (they depend on the parameter set) are strictly related to the dynamics of the vehicle hidden in the matrix K D . Consequently, it is not necessary to choose a symmetric gain matrix because the matrix K D is a symmetric one. The diagonal matrix k D serves rather for precise tuning of the controller.
2. The use of the gain matrix K D = Φ T k D Φ, because including the dynamics of the vehicle, allows one to ensure the same control coefficients even if the parameters set in not known exactly.
3. The control gains are selected for the tested system that enables to avoid searching their values using experience of the researcher only.
Simulation results
In order to investigate effectiveness of the control algorithm, a computer simulation was performed for the motion of a 6 DOF model of the airship AS500 (assuming indoor flight). The vehicle parameters based on the report [4] were used also in [1] . Table 1 . The maximal possible forces and torques applied by the control system were assumed as follows: F max x,y,z = 107, 13, 40 N, T max x,y,z = 27, 267, 27 Nm. These values were taken from [3] for the airship AS800 (this airship is bigger but its construction is similar to the used airship).
Two cases were investigated, namely: nominal parameters set and 50 % weight reduction.
Case 1 -set of nominal parameters. In the first test the airship nominal parameters were taken into consideration. For tracking it is assumed the following desired velocity profile: The gain coefficients of the controller (based on calculations using the genetic algorithm) were selected as follows: 
For the classical control algorithm (namely in which the elements of the control gain matrix were selected without taking into account dynamical and geometrical parameters of the system) the gain matrices (also based on the same genetic algorithm) were assumed as: that in the control process the vehicle dynamics is included (in the velocity gains). From Figure 3(c) we observe that the classical controller gives similar linear velocity errors as the proposed one. However, the angular velocity errors (Figure 3(d) ) are bigger and do not tend to zero.
The applied forces are depicted in Figure 4 (a). They are quickly reduced below 20 N. Next as it arises from Figure 4 (b) the applied torque T y has the maximal value over 100 Nm what means that the dynamical couplings in this direction are stronger than for other directions. From the conducted test it is observable that the control goal, namely velocity error reduction, is realized in short time. It results from two reasons: directly relationship between the system dynamics and the control gain matrix because of K D = Φ T k D Φ and the use of the integral action term. Moreover, the applied forces and torques are related to the dynamical couplings between the velocity variables. As it arises from Figures 4(c) and 4(d) the control effort for the classical control algorithm is comparable with the effort for the proposed controller.
Case 2 (robustness test) -50 % weight reduction (both the mass and inertia were reduced). In this test sensitivity to the parameter changes of the controller was investigated. The set of controller gains as well as the desired velocity profiles were the same as in Case 1. The difference relies on that the airship weight has been reduced to 50 percent (it can mean loss of gas in the blimp or not exact knowledge of its parameters).
Note that the linear velocity errors given in Figure 5 (a) have similar time history as for Case 1. The same observation can be made if we consider the angular velocity errors presented in Figure 5 Taking into account the results of the test it can be concluded that the control algorithm is robust to inertial parameter changes. This means that the algorithm, by taking into account the vehicle dynamics in control gains, can work despite significant changes in the system inertial parameters. Figure 6 . Case 2 -50 % weight reduction, control signals: a) (proposed controller) applied forces F x , F y , F z , b) (proposed controller) applied torques T x , T y , T z , c) (classical controller) applied forces F x , F y , F z , b) (classical controller) applied torques T x , T y , T z .
Conclusions
In this paper a control algorithm for velocity tracking control is proposed. The nonlinear controller is designed after the velocity transformation. The main property of the algorithm is that the dynamical and geometrical parameters of the vehicle are included in the velocity gain matrix. Consequently, the control coefficients (composed of the control gains and the set of vehicle parameters) are related to the vehicle (they are dependent on its dynamics). The algorithm is universal in the sense that it can be applied for various fully actuated vehicles as marine vehicles, hovercrafts or indoor airships moving with low velocity. Moreover, from its form some simpler controllers can be concluded including the classical form. The formal stability proof was made using Lyapunov direct method. The robustness issue was investigated in the simulation experiment. Simulations for a 6 DOF airship model illustrate the performance of the velocity controller. In the future extension of the controller for underactuated vehicles could be considered.
